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We use heat kernels or eigenfunctions of the Laplacian to con-
struct local coordinates on large classes of Euclidean domains
and Riemannian manifolds (not necessarily smooth, e.g. with Cα

metric). These coordinates are bi-Lipschitz on large neighbor-
hoods of the domain or manifold, with constants controlling the
distortion and the size of the neighborhoods that depend only on
natural geometric properties of the domain or manifold. The proof
of these results relies on novel estimates, from above and below,
for the heat kernel and its gradient, as well as for the eigenfunc-
tions of the Laplacian and their gradient, that hold in the non-
smooth category, and are stable with respect to perturbations
within this category. Finally, these coordinate systems are intrin-
sic and efficiently computable, and are of value in applications.
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Abbreviations: SAM, self-assembled monolayer; OTS, octadecyltrichlorosilane

In this article we study the evolution of “almost-sharp” fronts for the
surface quasi-geostrophic equation. This 2-D active scalar equation

reads for the surface quasi-geostrophic equation.
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(−�)

1
2ψ = θ , [3]

For simplicity we are considering fronts on the cylinder, i.e. we take
(x, y) in R/Z × R. In this setting we define −�− 1

2 that comes
from inverting the third equation by convolution with the kernel. To
avoid irrelevant considerations at ∞ we will take η to be compactly
supported

χ(u, v)

(u2 + v2)
1
2

+ η(u, v)

where χ(x, y) ε C∞
0 , χ(x, y) = 1 in |x − y| ≤ r and suppχ is

contained in {|x − y| ≤ R} with 0 < r < R < 1
2 . Also η ε C∞

0 ,
η(0, 0) = 0.

The main mathematical interest in the quasi-geostrophic equation
lies in its strong similarities with the 3-Euler equations. These results
were first proved by Constantin, Majda and Tabak, see [10], [11] and
[12] for more details. There are several other research lines for this
equation, both theoretical and numerical. See [13], [14], and [15].
The question about the regularity of the solutions for QG remains as
an open problem.

Recently one of the authors has obtained the equation for the
evolution of sharp fronts (in the periodic setting), proving its local
well-posedness for that equation. (see [17] and [16] for more details).
This is a problem in contour dynamics. Contour dynamics for other
fluid equations has been studied extensively.

Analysis of almost sharp fronts
We begin our analysis on almost sharp fronts for the quasi-geostrophic
equation recalling the notion of weak solution.

For these solutions we have the following
Def inition 1. A bounded function θ is a weak solution of QG if for
any φ εC∞

0 (R/Z × R × [0, ε]) we have

∫
R+×R/

Z
×R

θ(x, y, t) ∂tφ (x, y, t)dydxdt+

+
∫

R+×R/
Z

×R

θ (x, y, t)u(x, y, t) · ∇φ (x, y, t)dydxdt = 0 [4]

where u is determined by equations [2] and [3].

Data Sources. We are interested in studying the evolution of almost
sharp fronts for the QG equation. These are weak solutions of the
equation with large gradient (∼ 1/δ, where 2δ is the thickness of the
transition layer for θ).

Discussion
Cylindrical Case. We are going to consider the cylindrical case here.
We consider a transition layer of thickness smaller than 2δ in which
θ changes from 0 to 1. (see Figure 1).That means we are considering
θ of the form

θ = 1 if y ≥ ϕ(x, t) + δ

θ bounded if |ϕ(x, t) − y| ≤ δ

θ = 0 if y ≤ ϕ(x, t) − δ [5]

where ϕ is a smooth periodic function and 0 < δ < 1
2 .

Theorem 1. If the active scalar θ is as in [5] and satisfies the equation
[4], then ϕ satisfies the equation

∂ϕ

∂t
(x, t) =

∫
R/

Z

∂ϕ

∂x
(x, t) − ∂ϕ

∂u
(u, t)

[(x− u)2 + (ϕ(x, t) − ϕ(u, t))2]
1
2

χ(x− u, ϕ(x, t) − ϕ(u, t))du +

+
∫

R/
Z

[∂ϕ
∂x

(x, t) − ∂ϕ

∂u
(u, t)

]

η(x− u, ϕ(x, t) − ϕ(u, t))du+ Error [6]

with |Error| ≤ C δ|logδ| where C depends only on ‖θ‖L∞ and
‖∇ϕ‖L∞ .
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Remark 1. Note that equation [5] specifies the function ϕ up to an
error of order δ. Theorem 1 provides an evolution equation for the
function ϕ up to an error of order δ|logδ|.

In order to analyze the evolution of the “almost-sharp” front we
substitute the above expression for θ in the definition of a weak so-
lution (see [4]). We use the notation X = O(Y ) to indicate that
|X| ≤ C|Y |where the constantC depends only on‖θ‖L∞ , ‖∇ϕ‖L∞
and ‖φ‖C1 , where φ is a test function appearing in Definition 1.

We consider the 3 different regions defined by the form on θ.
Since θ = 0 in the region I the contribution from that region is 0, i.e.

∫
I×R

θ(x, y, t) ∂tφ (x, y, t)dydxdt+

+
∫

I×R

θ (x, y, t)u(x, y, t) · ∇φ (x, y, t)dydxdt = 0

As for the region II
∫

II×R

θ(x, y, t)∂tφ(x, y, t)dxdydt = O(δ)

since θ is bounded and hence O(1), and the area of the region II is
O(δ). As for the second term

∫
II×R

uθ∇φdxdydt = O(δlog(δ))

To see this, we fix t. We must estimate
∫

R2
u · (�IIθ∇φ)dxdy

We are left to estimate the terms∫
III×R

θ∂tφdxdydt+
∫

III×R

θuf · ∇φdxdydt =: A+B

Observations. The following observations can be made form the nu-
merical experiments described in this section, and are consistent with
the results of more extensive experimentation performed by the au-
thors:

• The CPU times in Tables 1–3 are compatible with the estimates in
formulae 14, 16, and 23.

• The precision produced by each of Algorithms I and II is similar
to that provided by formula 3, even when ωk+1 is close to the
machine precision.

Materials and Methods
Digital RNA SNP Analysis. A real-time PCR assay was designed to amplify
PLAC4 mRNA, with the two SNP alleles being discriminated by TaqMan probes.
PLAC4 mRNA concentrations were quantified in extracted RNA samples followed
by dilutions to approximately one target template molecule of either type (i.e., ei-
ther allele) per well. Details are given in the SI Materials and Methods.

Digital RCD Analysis. Extracted DNA was quantified by spectrophotometry
(NanoDrop Technologies, Wilmington, DE) and diluted to a concentration of ap-
proximately one target template from either chr21 or ch1 per well.

Appendix: Estimating the Spectral Norm of a Matrix

In this appendix we describe a method for the estimation of the spec-
tral norm of matrix A. The method does not require access to the
individual entries of A; it requires only applications of A and A* to
vectors. It is a version of the classical power method. Its probabilistic
analysis summarized below was introduced fairly recently in refs. 13
and 14. This appendix is included here for completeness.

Appendix

This is an example of an appendix without a title.
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Fig. 1. LKB1 phosphorylates Thr-172 of AMPKα in vitro and activates its kinase activity.
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Fig. 2. LKB1 phosphorylates Thr-172 of AMPKα in vitro and activates its kinase activity.

Table 1. Repeat length of longer allele by age of onset
class. This is what happens when the text continues.

Repeat lengthAge of onset,

years n Mean SD Range Median

Juvenile, 2−20 40 60.15 9.32 43−86 60

Typical, 21−50 377 45.72 2.97 40−58 45

Late, >50 26 41.85 1.56 40−45 42∗

∗The no. of wells for all samples was 384. Genotypes were deter-
mined by mass spectrometric assay. The mt value indicates the
average number of wells positive for the over represented allele.
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Table 2. Summary of the experimental results

Parameters Averaged Results Comparisons
n S∗

MAX t1 r1 m1 t2 r2 m2 tlb t1/t2 r1/r2 m1/m2 t1/tlb
10∗ 1 4 .0007 4 4 .0020 4 4 1.000 .333 1.000 1.000

10† 5 50 .0008 8 50 .0020 12 49 .999 .417 .698 1.020

100‡ 20 2840975 .0423 95 2871117 .1083 521 — .990 .390 .182 —
∗Stanford Synchrotron Radiation Laboratory (Stanford University, Stanford, CA)
†RFREE = R factor for the ∼ 5% of the randomly chosen unique reflections not used in the refinement.
‡Calculated for all observed data

4 www.pnas.org/cgi/doi/10.1073/pnas.0709640104 Footline Author



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket true
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU (Accommodates Digital Workflow at Maple-Vail as per their website \(http://www.maple-vail.com/prepress/DistillingInstructions.html\).)
  >>
>> setdistillerparams
<<
  /HWResolution [2540 2540]
  /PageSize [612.000 792.000]
>> setpagedevice


